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isospectral metrics on projective spaces 



We construct isospectral non isometric metrics on real and complex 
projective space. We recall the construction using isometric torus 
actions by Carolyn Gordon in chapter 2. In chapter 3 we will recall 
some facts about complex projective space. In chapter 4 we build the 
isospectral metrics. Chapter 5 is devoted to the non isometry proof 
of the metrics built in chapter 4. In chapter 6 isospectral metrics on 
real projective space are derived from metrics on the sphere. 
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1 Introduction 

The aim of this thesis is to extend the hst of examples of isospectral Rieman- 
nian manifolds by projective spaces. 

Isospectral here means that the set of eigenvalues, including multiplicities, 
of the Laplace operator acting on functions stays the same. Note that the 
manifolds are also required to be non isometric as isospectrality would be 
trivial otherwise. 

At first we will elaborate a bit on why the problem of isospectrality is stud- 
ied, where it belongs in a broader picture of differential geometry and what 
has been found out so far. 

We will assume all manifolds to be compact, connected and without bound- 
ary throughout this paper. Let / be a function on the manifold M, let Xi 
be local coordinates, let g = {gij) denote the metric of the manifold in these 
coordinates and g"^^ the inverse matrix. Then the Laplace operator is defined 
to be 

A/ := -det{gi,)-^2 ^det{g,j)-^ g'^ —f 

If the metric is the standard metric gij = 6ij this simplifies to the familiar 
Laplacian A/ := — J2i f ■ Note that the Laplace operator is self adjoint, 
elliptic and positive definite. It can be proven that the spectrum forms a 
discrete series starting at Aq = tending to infinity. The multiplicity of each 
eigenvalue is finite. The eigenfunctions can be used to form an orthonormal 
base of all C°°(M) functions. See for example |Ber86] or |Cha84] for an in- 
troduction to the topic. 

An explicit calculation of the spectrum of a manifold is possible only for very 
few special manifolds, principally the torus and the sphere with standard 
metric |B(;M71j . 

Nevertheless there is a very close connection between a manifold and its spec- 
trum. 

Ao = is always an eigenvalue with multiplicity one, its eigenfunctions are 
the constant funtions on {M,g). There are several theorems estimating the 
first eigenvalue Ai from conditions on the curvature of the manifold and vice 
versa. An example is Lichnerowicz theorem, it states that for any closed 
manifold of dimension n with Ric ^ k{n — 1) we have Ai ^ nk, here k is any 
positiv real number (see |Cha84j ). 

The spectrum of a manifold also determines a set of spectral invariants. A 
given eigenvalue spectrum requires the manifold to have a certain dimension, 
a certain volume and it fixes several curvature terms, the first being the total 
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scalar curvature. An elegant way to see this is the asymptotic development 
of Minakshisundaram-Pleijel (see for example |BGM7lj ) using a fundamen- 
tal solution of the heat equation. This fundamental solution can be stated 
explicitly if the eigenvalues and eigenfunctions of the Laplace operator are 
known. Its asymptotic development for t tending to zero consists of a series 
of coefficients depending on the curvature of the manifold in a universal way. 
These coefficients are spectrally determined Riemannian invariants, the so- 
called heat invariants. 

Using these and other similar results it can be shown that some special types 
of manifolds are spectrally determined. Manifolds of dimension two with zero 
curvature and round spheres up to dimension 6 are spectrally determined up 
to isometry. |B(;M71j 

However, in general manifolds are not spectrally determined. The first exam- 
ples of isospectral, non locally isometric manifolds were given by J. Milnor 
in 1964, a pair of tori in dimension 16 (see |Mil64] ) . Various other examples 
have been found since then. They include tori of lower dimensions, spheres 
[GorOlj . [SchOlbj . products of spheres and/or tori jSch99j . |Sch01a] and cer- 
tain Lie groups [SchOlaj . We will construct examples with real and complex 
projective spaces in this paper. 

Basically two techniques for the construction of isospectral metrics are known. 
The first is the so-called 'Sunada method'. The idea is to start with a Rie- 
mannian manifold and its isometry group. Sometimes it is possible to choose 
two subgroups of the isometry group with certain properties which guarantee 
that the manifolds obtained by dividing the Riemannian manifold by these 
subgroups are isospectral. The other method, found by Carolyn Gordon, 
uses a torus acting on two Riemannian manifolds. If the quotients of the 
manifolds by any subtorus are isospectral, then the original manifolds are 
isospectral, too. 

In this thesis we will use the second method in a version from Schueth's paper 
[SchOl b]. For complex projective spaces, the main purpose of this thesis, an 
adaptation of Schueth's technique to this setting is needed, although the key 
principle of the non isometry proof rests the same. 

We will explain the construction in a general setting in chapter 2. In the 
third chapter we define projective spaces and gather some facts about com- 
plex projective space. We will adapt the construction to our special case and 
build the isospectral metrics on CP^ in the fourth chapter. We will start out 
on the sphere and show that the construction of the metrics is in an appro- 
priate sense compatible with the Hopf fibration. In the original construction 
a certain horizontality condition is destroyed by the Hopf fibration. However, 
there exists a general workaround to this problem. In chapter 5 we will prove 
that the metrics are not isometric . Due to the workaround used in chapter 
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4 we will need several lemmata to prove the metrics still behave on complex 
projective space in the specific way needed for the general nonisometry the- 
orem from Schueth in |Sch01b] . Isospectral metrics on real projective space 
are an almost direct corollary of those on spheres, as they are obtained by 
factoring out a discrete subgroup. This will be treated in chapter 6. 
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2 Construction of isospectral metrics 

Notation 2.1. 

Let T be a torus with a group structure making it a compact, abelian Lie 
group. Let 3 denote its Lie algebra. If T acts smootlily and effectively 
by isometries on a Riemannian manifold {M,g), then we denote by M the 
union of those orbits on which T acts freely. This action of T gives M the 
structure of a principal T-bundle. By we denote the unique Riemannian 
metric induced on M/T such that the projection from (M, g) is a Riemannian 
submersion. 

Theorem 2.2. 

jSchOlb^ Let T be a torus which acts effectively on two compact Riemannian 
manifolds {M,g) and {M',g') by isometries. For each subtorus W G T of 
codimension one, suppose that there exists a T-equivariant diffeomorphism 
Fw '■ M — M' which satisfies F^dvolgi = dvolg and induces an isometry Fw 
between the quotient manifolds {M /W, g^) and {M' /W, g'^) . Then {M,g) 
and {M',g') are isospectral; if the manifolds have boundary, then they are 
Dirichlet and Neumann isospectral. 

This theorem is a slight variation of Carolyn Gordon's isospectrality con- 
structions through torus actions. The basic idea of the proof is as follows. 
One considers the Hilbert space H^''^{M, g). This is the completion of C°°(M) 
with respect to the norm: 



One can then give a variational characterisation of the eigenvalues through 
the Rayleigh quotient defined as: 



The main part of the proof is constructing an isometry between the two 
Hilbert spaces H^''^{M,g) and H^''^{M' , g') that preserves L^-norms. The 
existence of this isometry implies that the eigenvalues of {M,g) and {M',g') 
are equal. See [SchOlbj for a complete proof. 
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Notation 2.3. 

1. Let T = (R/27rZ) x (M/27rZ) be the standard 2-torus and let £ = 
27rZ X 27rZ be the associated lattice. Let L* denote the dual lattice. 

2. Let exp : 3 — > T be the standard cover, i.e. the exponential map from 
the Lie algebra 3 to the Lie group T. For Z e 3 we denote by Z* the 

vector field 'p f-> -^\^_^exp(tZ)p on M. This is the infinitesimal flow 
induced by the torus action. We will denote the set of all Z* by 3*. 

Definition 2.4. 

Let X denote a 1-form on M with values in 3. 

1. We call a 1-form A admissible iff 

(a) it is T-invariant, and 

(h ) it is horizontal. That is, A vanishes on the tangent spaces of the 
orbits of the T action on M or put in an equation we have \{U) = 
owe V(M) with U e span{Z*,Z*}. Here V(M) denotes the 
set of all vector fields on M. 

2. For any admissible 1-form A we define a Riemannian metric g\ on 
{M,go) by: 

gx{X, Y) := go{X + X{Xy, Y + A(r)*) 

Remcirks 2.5. 

For any admissible 1-form A the map X i-> X{X)* is two-step nilpotent. 
This implies dvolg^ — dvolg^, that is the new metrics have the same volume 
element as go. 

Proposition 2.6. 

Let the torus T act isometrically on (M, go) and let X denote an admissible 
1-form. 

Then T acts isometrically on (M, gx) and the Riemannian submersion met- 
rics g^ and gj^ on M /T are equal. 

Proof. As A is T-invariant and the metric go is T-invariant the metric gx is 
T-invariant, too; thus the torus acts isometrically on {M,gx). Thus there 
exist unique metrics g^ and gj^ on M/T such that both projections are Rie- 
mannian submersions. 

We have that gx restricts to the same metric as go on the space spanned by 
Zl and Z2 as A vanishes on these vector fields. Let tt denote the projection 
from M to M/T. Then ker{dTTp) is a subspace of TpM. A submersion is 
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called a Riemannian submersion if the isomorphic map diip : {ker^dup})^^ — )> 
Tt,(j,){M /T) is an isometry. 

That means the assertion is equal to saying that the scalar product qq re- 
stricted to vectors that are ^fQ-orthogonal to 3* is the same scalar product as 
gx restricted to vectors that are 5f>,-orthogonal to 3*. By definition of g\ we 
have that if X is ^fQ-orthogonal to 3*, then X — A(X)* is (^A-orthogonal to 3* 
and dTip{X) = dTip{X — \{X)*). Let X and Y be two ^fg-horizontal vector 
fields. Then we have: 

gx{X-\{Xy,Y -\{YY) 
= go{X - \{X)* + A(X - A(X)*)*, Y - A(r)* + A(F - A(r)*)*) 

9o{X,Y) 

as the map X A(X)* is linear and two-step nilpotent. This implies that 
the metrics gQ and gj^ are equal. □ 

Theorem 2.7. 

ISchOlb^ Let X, X' be two admissible ^-valued 1-forms on M. Assume: 

(J) For every fi & C* there exists a T-equivariant G Isom{M, go) which 
satisfies fi o X = F*{fi o X') . 

Then {M,gx) and {M',gx') are isospectral. 

This theorem is an application of theorem 12.21 For every subtorus W of 
codimension one in T choose G £* such that the Lie algebra of W is ex- 
actly the kernel of /x. The isometry is then the map Fw from theorem l2.2[ 

We will now describe how this machinery is realized on odd dimensional 
spheres. We will adapt this to complex projective spaces in later chapters. 

Notation 2.8. 

Let 

SU{m) = {Ae Gl{m, C) | AA^ = 1, det{A) = 1} 
denote the Lie group of unitary complex matrices and let 

5u(m) = {Ae M{m, C) \ A + A^ = 0, tr{A) = 0} 

denote its Lie algebra. We remind that the torus T is also a Lie group and 
its Lie algebra is denoted by 3. See |Arv03j for an introduction to Lie groups 
and Lie algebras. 
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Remark 2.9. 

We construct admissible 1-forms A, A' on 5"^"^^ using suitable linear maps 
jyj' '■ 3 ~^ su{n — 1). We write jz for j{Z) for the sake of convenience. With 
the inclusion SU{n - 1) x T = SU{n - 1) x f/(l) x f/(l) c U{n + 1) we get a 
canonical action of SU{n — 1) and of T on C""^^. These two actions commute 
and preserve the sphere S'^^^^ embedded in C"^^. 

Let Zi and Z2 denote the standard base of 3 = M^. Then the action of the 
torus on a point p = {q, r, s) G C"^^ x C x C = C"^^ is given by 

exp{aZi + : (g, r, s) f-> (g, e*V, e*''s) 

Both the torus action and the action of SU {n — 1) induce isometrics on the 
sphere {S'^"'~^^, geuci)- The 1-forms A, A' are then defined to be X^{X)p : = 
{jzi^p,X), for k = 1,2, and similarly for A'. Here jz^p is understood as 
{jzkQy 0, 0), if p = (g, r, s), that is, the last two components of p and X play 
no role. 

The scalar product (, ) denotes the standard hermitian scalar product on 
(j~in+i^ Explicitly we have {X,Y) := ^2- Re{XiYi) . The associated metric on 
^2n+i ^Yie standard euclidian metric, it is denoted by geuci- 
The operation of a matrix in su{n — 1) on a point of the the sphere S*^""*"^ 
is defined via the Lie group SU{n — 1). Consider a curve 7(t) in SU{n — 1) 
with 7(0) = id and 7(0) = jz^ € 5u{n — 1). Then 7(t)p is a curve on S'^''^^^, 
its differential at zero lies in TpS'^""'"^ and is written as jzkP- This definition 
is independent of the curve 7 chosen, the curve 7(t) = expitjz^) would be a 
possible choice. 

Remark 2.10. 

The 1-form A on the sphere defined as X^{X)p := {jz,^p,X), for k = 1,2, is 
admissible as in definition 12.41 In fact it is T-invariant as A depends only on 
the q components of p and T acts only on the r and s components. We also 
have A(f/) = for all f/ G 3* since jzp = {jzQ, 0, 0) is orthogonal to (0, ir, 0) 
and (0, 0, is). 

Definition 2.11. 

Let : 3 = — > su(m) be two linear maps. 

1. We call i and i' isospectral, denoted j ~ f , iffWZ G 33^4^ G SU{m) 
such that i'z = Azjz^z^ ■ This implies that for each Z E ^, jz and j'^ 
have the same eigenvalues. 

2. Let Q : C™ — C™ denote complex conjugation. We call j and j' 
equivalent, denoted j = j' , iff there exists A G SU{rri)USU{m)oQ and 
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E S such that j'^ = Ajii,(^z)A for all Z E i- Here £ is the group of 
all automorphisms of i which preserve the set {±Zi,±Z2}. 

3. We say j is generic iff no nonzero element of 3u{m) commutes with 
both jz^ and ■ 

The first property will, as its name suggests, guarantee isospectrality of 
the constructed metrics. We will use the matrices Az to construct the isome- 
tries from condition (J) in theorem 12.71 Non equivalence and genericity 
will be used in the non isometry proof. Note that any isometry of CP™""^ 
is induced by a matrix A as used in the non equivalence definition. We will 
give the complete isometry group of CP™"^ in the appropriate chapter. 



We will check non equivalence by evaluating the term tr{{j'^^ + jf. 
Lemma 2.12. 

then j and j' are not equivalent. 

Proof. We will use an indirect proof. If j = j', we have: 

tr{{fz\ +fir) = tr{{{Aj^^z.)A-r + 

= HiAjl^.^^A-' + Ajl^,^^A'^f) 

tr{{A{jl+jl)A-^r) 
tr{A{jl+jirA~^) 

Turning this the other way around, we get that if tr{{j'^_^ + ila)^) ^^((jzi + 
jf J^), then j and j' are not equivalent. 

□ 

What we now need are pairs of maps j, j' that are isospectral, non equiv- 
alent and generic. The necessity of their existence is our main dimension 
barrier. We want SU{m) to act isometrically on the manifold and an addi- 
tional 2-torus whose isometric action commutes with SU{m). 
A simple calculation shows no such maps exist for m = 1,2. On the other 
hand there exist not only pairs but even continuous families of such maps 
j{t) for any dimension larger or equal than 3. The proof can be found in 
|Sch01b] . Prop 3.2.6. or in |Sch01a] . Prop 3.6. An explicit example for such 
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a family with m = 3 is: 

/4i \ /4i \ 

jzAt)-- z [o i ] 

\0 -5iJ \0 -5iJ 

A direct computation shows that 

det{X ■ Id - (ajzAt) + bjz^it))) = + (Sa^ + 216^) A - 3ia% - 2Qib^ 

is independent oi t. In other words for any Z — aZ\ + 6Z2 we have that all 
jz(^) are conjugate to each other because they have the same eigenvalues. 
On the other hand 

tr{{3zM'r3zMf) = 1038 + 108 cos2(t) 
clearly depends on t. We also have is generic for all t with sin(i) ^ 0. 
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3 Projective spaces in general and CP^ in 
particular 

Definition 3.1. 

For any field F the set of all lines in the vector space F"'~^^ is called the n- 
dimensional projective space of that field. If F is the field of real, complex or 
quaternionic numbers, this is a manifold. It can he written as the quotient 
space F''+^/F*, where F* = F\{0}. 

Remark 3.2. 

Projective spaces have some interesting geometric properties. They were one 
of the first examples of non euclidean geometry to be discovered. There is 
no notion of lines being parallel, instead we have a theorem stating that any 
two distinct lines in a common plane intersect in exactly one point. See for 
example [Cox74j for an introduction to projective geometry. 

Remark 3.3. 

In the case of real, complex or quaternionic projective space the quotient 
space can be 'simplified' by dividing through the norm. We restrict to the unit 
sphere, in the complex case we get CP" = S'^^'^^/S^. This is known as the 
Hopf fibration. We will denote by 11 the projection map 11 : S'^""'"^ — )■ CP". A 
point [p] G CP" is then the equivalence class of a point p G S"^""^^ C C"^"'^ = 
]^2n+2 ]2iodulo multiplication with r G C C. Similarly real projective 
space can be seen as a sphere with opposite points identified. 

Remark 3.4. 

[Hat02j Complex projective space can be given the structure of a CW-complex. 
This is particulary useful to compute its (real) homology. We can obtain 
CP" also as a quotient space of the disk D^" under the identifications p ~ rp 
for p G (9D^" = 5*^""^ and r a complex number with norm one. We have 
CP" = S^'^'^^/S^, if we choose representatives in 5*^""^^ where the first coor- 
dinate is real and non negative we get a one-to-one correspondence between 
points in CP" with first coordinate non zero and points in the interior of 
the disk D^". The border of D^" corresponds to the points in S*^""*"^ with 
first coordinate zero, so we still need the identification p ~ there. This 
description implies that CP" can be obtained from CP"^^ by attaching a 
2?T,- dimensional cell. Inductively we obtain that the cell structure of CP" 
consists of exactly one cell in every even dimension up to 2n. 
Thus we have proven that CP" seen as a CW-complex has no two cells in 
adjacent dimensions. This means that all homology border maps are zero 
and the cells are in one-to-one correspondence with the generators of the 
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homology groups. Thus we get: 



Z fori = 0,2,4,..., 
otherwise 



2n 



Remark 3.5. 

Complex projective space is a complex manifold, one atlas is the set of 
charts ipj : — )■ CP" where every point in C" is identified with the point 
[. . . , 1, . . .] in CP" with the 1 on the j-th position, j ranges form to n here. 
The transitions between two maps are holomorphic. The complex structure 
J : T^]M — >■ TjpjM, satisfying = — ic?|T[p]M, is given by multiplication with 
the complex number i. 

Remark 3.6. 

With the realization of complex projective space as a quotient space we also 
get a naturally induced metric. We start with the euclidian metric geuci on 
the sphere (induced from the euchdian metric on M^") and then take the 
unique metric such that the Hopf fibration is a Riemannian submersion. For 
complex projective space this metric is called Fubini-Study metric, denoted 
by gps- Within the domain of one chart it can be written explicitly in the 
following way. 

Let [p] = \po,Pi, ■ ■ ■ ,Pn\ denote a point in CP". We will use the chart </?o 
so we have po = 1. Let pi denote the complex conjugate, then gps can be 
written as 



Remark 3.7. 

CP" admits Kahler metrics, we will prove here that the Fubini-Study metric 
is an example. We have to show that the associated Kahler- form U!{X, Y) := 
gFs{JX,y) is closed. This can be seen by a straightforward calculation of 
du! in one of the charts. We will denote by 9 = ^ ^ and ^ = ^ ^ the 

familiar operators in the special case of zero forms, i.e. functions. Then we 



9fs - {9ij)ij 



iaiap-logil + \pm 



E 
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have 

iddlog{l + 
diddlogil + IpP) 
i{d + d)ddlog{l + 
idddlogil + IpH 
-idddlogil + 


Here we used = (9 + 9, 9^ = 0, 9^ = and dd + dd = 0. 
Remark 3.8. 

Any unitary map f/ : C"^^ — ?► C"^^ induces an isometry on the sphere 5*^"+^ 
embedded in C"^^. The Hopf circle of a given point p G 5*^"+^ consists of 
the points {rp | r G C, |r| = 1}. U and r ■ id commute because the center 
of the group of unitary matrices is given exactly by complex multiples of the 
identity. We thus have that U maps Hopf circles to Hopf circles, therefore 
it gives an isometry of CP". Complex conjugation also maps Hopf circles to 
Hopf circles. Let Q denote complex conjugation. Then we have additional 
isometrics of CP" of the form U o Q. In fact all isometrics of complex pro- 
jective space arise this way, see |Kar89] . 

This construction does not give the isometry group of CP" directly though 
because not all maps give rise to different isometrics. More accurately, if 
U = tU' for a r G S^, then U and U', as well as f/ o Q and U' o Q, give rise 
to the same isometry on CP". 

Remark 3.9. 

We can now take a closer look at the actions of SU{n — 1) and the torus T on 
CP" as in remark [2:1 We have SU{n - 1) x T = SU{n - 1) x U{1) x U{1) C 
t/(n + 1), thus both consist of isometrics on complex projective space by the 
remark above. Both SU{n — 1) and the torus act effectively on CP". Note 
however, that the combined action of SU{n — 1) x T is not effective, i.e. 
the isometrics are not all pairwise different. Suppose A, A' are two matrices 
in U{n + 1) of the form B x e'" x e^^ G SU{n - 1) x T C U{n + 1) with 
a,b E [0, 2tt[. They induce the same isometry on CP" if there exists a com- 
plex number r G 5^ with A = tA'. This implies B = tB' and as B and B' 
have determinant one we get r = e^-i for an integer k = 0, 1, . . . , n — 2. 
Thus for every element in SU{n — 1) x T there exists a family of elements 
that induce the same isometry on CP". However, this family is finite. That 
means that the action of SU{n — 1) x T is still almost effective, which is 
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sufficient in our setting. 
Remark 3.10. 

The Hopf action on the sphere embedded in C"+^ is given by matrices 

of the form rid with a complex numbers r of norm one. As the complex 
multiples of the identity are exactly the center of U{n + 1) we get that the 
Hopf action commutes with the action of U{n + 1) and a fortiori with the 
actions of the torus T and of SU {n — 1). 
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4 Isospectral metrics on CP^ 

Notation 4.1. 

In the following two chapters we will frequently jump between objects on the 
sphere and objects on complex projective space. We will continue to denote 
a point on the sphere embedded in C"^^ hj p = {q,r, s), where q stands for 
the first n — 1 complex coordinates and r and s for the last two as in remark 
12.91 A point in complex projective space, i.e. the equivalence class of a point 
on the sphere, will be denoted by [p] = [q, r, s]. 

Remark 4.2. 

Let the sphere 5"^"^^ be embedded in C"'^^ and let r denote a complex num- 
ber with norm one. Multiplication by r defines a map on the sphere that 
will also be denoted by r : S^^+i ^ S^'"+\ Let X e V(52"+i) with 

Xrp = T^:Xp 

for all r. These vector fields are invariant under the Hopf action. We ad- 
ditionally assume that Xp ± ip, that is we restrict our attention to vector 
fields which are horizontal with respect to the Hopf fibration. Thus we get an 
isomorphism between all vector fields on 5'^""''^ satisfying these conditions, 
that is all S^-invariant Hopf-horizontal vector fields, and all vector fields on 
CP". This isomorphism is given by the differential of the Hopf projection 
H : 5'^"'"'"^ — CP". We will denote S'^-invariant Hopf-horizontal vector fields 
on the sphere simply by X and the associated vector fields on CP" by [X]. 
Note that the vector fields p i— )■ jzp from remark 12.91 satisfy condition (<)) 
because we have (j^rg, 0,0) = r(j^g, 0,0) for all jz G su{n — 1). However, 
they are not orthogonal to the vector field ip. 

The next goal is to construct suitable 1-forms A on complex projective 
space. For a given S^-invariant 1-form A on S'^"'^^ we define an associated 
1-form on CP", denoted by A, by letting A([X])[p] := \{X)p where p is any 
representative of [p] on the sphere and X is the unique S'^-invariant Hopf- 
horizontal lift of [X] to 5'^""'"^. The remark above shows that A is a well 
defined 1-form on CP". 

By remark I3l9] we know that SU{n — 1) and the torus T act on CP". By 
remark 13.101 we know that both these actions commute with the Hopf action. 
That means the 1-form A on CP" satisfies A'^([X])[p] = gFs(J^*{jzkP), [^]) 
forfc = l,2. 

However the 1-form A is in general not admissible as in definition 12.41 even if 
A is admissible with respect to the T-action on the sphere. The T-invariance 
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carries over to CP". We liave jz^.p = {jz^Q) 0) 0) is T-invariant by the defini- 
tion of tlie torus action, in consequence Tl^ {jzkP) is T-invariant and it follows 
that A is T-invariant. The horizontality with respect to the T- action, on the 
other hand, is not transmitted to CP". We have to horizontalize. This is 
possible in a general way as the next proposition shows. 

Proposition 4.3. 

ISchOSf Let (M, g) be a Riemannian manifold on which T acts by isometrics. 
Let X be a T-invariant 1-form on M. Then the 1-form defined by: 

Xh{X) := \\ZIAZ;\\^X{X) 

-{X AZ*,Zl AZ*)X{Zl) 
-(Z* AX, Z*,AZ*)XiZ*) 



is admissible with respect to the T-action. Here {Zi, Z2} is a basis for i and 
the scalar product on K^TpM is the one induced by g. 

Proof. One easily checks that Xh{Zl) = for k = 1,2. Thus Xh is horizontal, 
and obviously it is again T-invariant. □ 

In order to calculate the horizontalized 1-form Xh on CP" we will find 
explicit forms for the horizontalized versions of the vector fields Zl and Z2 
on 5*^"+^. We will denote by Zl^ and ZI2 the horizontal parts of Z^ and 
Z2 with respect to the Hopf action. By the formula in notation 12.31 we get 
Zl = (0,zr, 0) and Z2 = {0,0, is) on the sphere at the point p = {q,r,s). 
To transfer these vector fields to CP" we need to orthogonalize them to the 
vector field ip. Thus we get 

iZh,i)p 

{Zh,2)p 

Note that these are the S'^-invariant, Hopf- horizontal lifts of the correspond- 
ing vector fields [p] h-)- -^I^^q^^^^Ip] and [p] ^l^^gC^^^p] on CP". 
Since the metric gps on CP" is defined as a submersion metric, the scalar 
products and the norms of these vector fields can be calculated as {Zl^^, 2'^ 2) 
and k = 1,2 respectively. We will need 



|jp|2 ''P 

(0, ir, 0) — |rpip 



(0,2r,0)- 



(0,0, ts) 
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\\Zl^\\l = |irp - 2|rp((0,2r,0),ip) + |r|^|2pp 

{Zl„ Zl,)j, = ((0, zr, 0), (0, 0, ts)) - \r\^{tp, (0, 0, zs)) 
— (0, ir, 0)) + |rp|sp|zpp 

Proposition 4.4. 

Lei j : 3 — su(n — 1) 6e a linear map. Then the yvalued 1-form rj on S"^""*"^ 
defined by 

v\X)p := \q\^{jz,q,X,) - {jz,q,iq){iq, X^) for k = 1,2 

is -invariant and H op f -horizontal. The induced 1-form f] on CP" is admis- 
sible with respect to the T -action. Here, f]^{X) and7f{X) denote the coordi- 
nates in 3 and Xg,Xr and Xg denote the components of X E T(^g^r,s)S'^"'~^^ = 
C"+i = C"-i © c © c . 

Proof. We will at first calculate Xh on CP" in our setting. Here A is the 
1-form on S*^"^^ associated with j as in remark I2.10[ and A the associated 
1-form on CP" as introduced in remark H72l Let [X] G TjpjCP", and let X 
denote the S'^-invariant, Hopf- horizontal lift of [X] to Tp^*^""*"^. Then we have 
by definition of A on S*^""*"^ and of A on CP", by recalling that the metric go 
on CP" is a submersion metric arising from the Hopf fibration, and by the 
formula in proposition 14.31 : 
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-{[zi,]A[xi[zi,]A[zy)\''{[zy) 

\\Zl,AZl,\\'\''iX) 
-{XAZl,,Zl,AZy\'iZl,) 
-{ZliAX,Zl,AZy\''{Zl,) 

{\\zi,\nzi,\\' - {zi,,zi,r){jz,p,x) 

-{{x,zi,)\\z;j\' - {x,zy{zi,,zi,)){jz,p,zi,) 
-i\\zi,\\^{x,zy - {x,zi,){zi„zy){jz,p,zy 

(|rp(l - \rf)\s\^{l - - \rf\s\'){jz,p,X) 
-{{X,Zl^,)\s\\l-\s\') + {X,Zl,)m'^ 
■{{jz,P, (0,ir,0)) - {jz,p, \r\'^ip)) 

Hmi-\rnx,zi^,) + {x,zi,)m^) 

■{{jzkP, (0,0, is)) - {jz,p, \s\Hp)) 
= |rp|sp(l - |rp - |sp)(jzfcP,^) 

+ - |sp)|rp + \r\^\sn{jz,p,zp){X, Z^,) 

+ (|rp(l - |r|2)|s|2 + \s\M'){3z,pM{X, Z^ 
\r\'^\s\^\q\^{jz,p,X) 
+ \rm'{jz,P,tp){X,Zl, + Zl,) 

Next wc observe that multiplying a 1-form by a T-invariant function does 
not change whether it is admissible or not. Neither the T-invariance nor the 
horizontality are influenced by it. Note that [?,r, s] i-)- |rp|sp is indeed a 
well-defined, T-invariant funtion on CP". We will use this fact to simplify 
Xh by a factor |rp|sp. As X is the lift of [X] it is Hopf-horizontal and we 
have {ip, X) = 0. Therefore, 

\q\'{jz,P,X) + {jz,p,ip){Zl, + Zl,,X) 
= \q\^{jz^q,Xg) + {3z,q,iq){iO,irJs) - {\r\^ + \s\'^)ip, X) 
\q\'^{jz,q,Xg) + {jz^q,iq){{0,ir,is),X) 
we will now substract the term = {jzkq,iq){'ip,X) 
= \q\'^{jZkq,Xq) + {jzkq,iq){{0,'ir,is) -ip,X) 

\qmjz,q,X,) - {jz,q,iq){{iq,0,0),X) 
\q\'^{jz^q,Xg) - {jz,q,iq){iq,Xg) 
ri^{X) 
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Note that t] is S'^-invariant since: 

r/^(r,X)^p = \Tq\'^{jz,Tq, (r,X)g) - {jz,rq,iTq) {irq, (r,X)g) 
= IqI'^ {TJz^q, rXy) - {rjz^q, riq) {riq, rXq) 

because r is an isometry. Moreover, t] is Hopf-horizontal because we have: 
ri^{ip) = \q\^{jz^q,iq) - (jz^Q^k) {iQ,^) = 

Thus rj canonically induces a 3- valued 1-form fj on CP". 

Let n : S*^""*"^ — i- CP" denote the Hopf projection. Then we have: 

7] = Il*fj 

In particular we have: 

where [X] is any vector field on CP" and X its S'^-invariant Hopf-horizontal 

lift to ^2"+!. 

By the above calculation, we have = |rp|spf7. Thus, up to the factor 
|rp|sp, the 1-form fj on CP" is equal to Xh- Since \h is admissible, so is 
f]. □ 

Notation 4.5. 

Let {M,go) = {CP"^, gps)- We recall that gps denotes the Fubini-Study 
metric on CP", obtained as the Riemannian submersion metric associated to 
the standard metric geud on 5*^""^^ via the Hopf projection. 
Given a linear map j : 3 — )■ su{n — 1), let fj be the corresponding admissible 
1-form on CP" as in proposition 14.41 and define the associated Riemannian 
metric gf^ on CP" as in definition 12. 4[ 

Explicitly we have, for vector fields [X], [Y] on CP" and their S'^-invariant 
Hopf-horizontal lifts X, Y to the sphere: 

gM[X]+v[X]*,[Y]+r^[Y]*) 
= {X + v\X)Zl, + v\X)Zl„ Y + v\Y)Zl, + v\Y)Zy 



Remark 4.6. 

This new metric gfj is again T- invariant as f] is T- invariant. As fj is an 
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admissible 1-form on CP" we can apply proposition 12. 6[ so we have that 
the torus acts isometrically on (M, Qfj) and that the induced Riemannian 
submersion metric on M/T is equal to the metric g^. 

Theorem 4.7. 

Let j,j' : 3 = — > su{n — 1) be two linear maps, and let gfi,gij' be the 
associated pair of Riemannian metrics on CP" as above. If j ~ j' , then the 
Riemannian manifolds (CP",(?fy) and {CP"',gfj') are isospectral. 

Proof. We will show that the condition: 

(J) For every fi E C* there exists a T-equivariant P^ G Isom{CP"', gps) 
which satisfies fi o f] = F*{fi o fj'). 

is fulfilled. We can then conclude by theorem 12.71 that the two metrics on 
CP" are isospectral. 

We will at first give an explicit isometry fulfilling the analogon of (/) on 
the sphere {S^^^^, geud) and then show it induces the desired isometry on 
(CP",^7i.s). 

Fix an arbitrary fi E C*. As we have C* C 3*, we can set Z G 3 to be 
the vector corresponding to fi under the identification of 3 with 3* associated 
with the basis {Zi,Z2}. Let Az G SU{n — 1) be as in definition 12.111 We 
set := {Az,Id) G SU{n - 1) x {Id} C SU{n + 1). Thus defines an 
isometry of the sphere {S'^"''^^, geud)- This isometry satisfies: 

G;if^or^%{X) 

= \q\^{j'zAzq,AzX,) + {j'zAzq,tAzq){tAzq, AzX) 

\qmAlfzAzq,Xg) + {AlfzAzq,iq){tq, X) 
= \q\'^{jzq,Xg) + {jzq,iq){iq,X) 

= {f^°v)p{x) 

Since G^ G SU{n + 1) it induces an isometry of {CP"-, gps)- Denote this 
isometry by P^. Then the equation 

implies 

o = F*{i2 o f]') on CP" 

because of rj^'^ = ITf]^'^ and 11 o G^ = o H where 11 denotes the Hopf 
projection. 

□ 
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5 Nonisometry 

Notation 5.1. 

1. Let (M, ^fg) = (CP",(7irs), where all representatives in C""*"^ are 
choosen with norm one. Let [p] = [g, r, s] be a point in CP", where q 
stands for the first n — 1 components and r and s for the last two. 

2. Let M = {[q,r,s] G CP" \ q,r,s ^ 0}, M is open and dense in CP" 
and T acts freely on M, that is M can be seen as a principal T-bundle. 

3. Recall that the torus action and the action induced by the Hopf fibra- 
tion commute on C""*"^ and a fortiori on the sphere. Setting a = |r| and 
b = \s\ we see that M/T can be identified with 

{i[q],a,b) gCP^^^xMxM | a,b,\q\ > 0, + 6^ + |gp = l} 

By |g| we mean the norm of a representative of [q]. The metric induced 
by on the copy of CP"~^ with fixed values of a and 6 is \q\'^gFS, that 
is a scalar multiple of the standard Fubini-Study metric. 

4. As M is a principal T-bundle we have a 3-valued connection form cufj 
that is associated to the 3-valued 1-form fj. In any point [p] in M we 
can decompose the tangent space into the flow of the torus action 3* 
as in notation 12.31 and its orthogonal complement with respect to the 
metric Qfj. The connection form Ufj assigns to each vector in the tangent 
space of M its component in 3*. In other words we have Uf^{Z*) = Z 
for all Z e 3 and ^^^([X]) = for all [X] that are orthogonal to 3* with 
respect to the metric Qfj where Z* now denotes the vector field on M 
as in notation 12.31 Let uq denote the connection form associated with 
go. Then we have Ufj = uq + fj hj the defintion of gf^. 

5. Let flf^ denote the curvature form on M/T associated with the connec- 
tion form Wfj. In the general case we have 7r*Q{X,Y) = du{X,Y) + 
^[uj{X),ijj(Y)] where n* denotes the pullback of the projection vr : M — )■ 
M/T and [, ] is the Lie bracket on 3. As T is abelian this second term 
is zero and we get 7r*fi^^ = duf^. 

Notation 5.2. 

We will say a diffeomorphism P : M — )■ M is T-preserving if conjugation by 
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F preserves the torus seen as a subgroup of Diffeo(M). If F is T-preserving 
then we denote hy p the automorphism of 3, the Lie algebra of the torus, 
induced by conjugation by F. Note that F^{Z*) = "^piZ)* o F where Z e ^ 
and Z* denotes the corresponding vector field on CP" as in notation 12.31 

Definition 5.3. 

Let Aut'^^{M) denote the group of all diffeomorphisms F : M ^ M that 

1. are T-preserving, 

2. preserve the go-norm of vectors tangent to the T-orbits and 

3. induce an isometry of {M /T, go) . 

Let Autg^{M) denote the group of induced isometrics F of {M /T, g^) . 

Notation 5.4. 

For |g|, a, 6 > let 

Ma,b := {[q,r,s] eM \ |rp = aMs]' = 6'} 

Note that each 6 is a submanifold, it is exactly the T-orbit of one copy of 
a CP"~^ on the q-coordinates and therefore T-invariant. M is the disjoint 
union of all Ma,b with < + 6^ < 1. 

Lemma 5.5. 

Each F G Aut^^^{M) preserves the set MaM U Mb^a for any pair a, b. 

Proof. As F is T-preserving we get that F preserves the set M as well as the 
set M\M. F also fixes the set of all points where the torus orbit degenerates 
to a single point, this set consists of the two single points were either q and 
r or q and s are zero and of Mq = {[q,r,s] E M \ r = s = 0}. As Mq is a 
copy of CP"~^ and thus higher dimensional than the two single points it has 
to be preserved, too. 

Next we will show that F preserves the sets of all points with a fixed value 
of + 6^ in M. We will call this set Mai+b'^. It is a submanifold of M and 
M is the disjoint union of all Mai+b'^ with < + 6^ < 1. 
Note that Ma2+b'^ is invariant under T, thus Ma2+b'^/T is a submanifold 
of M/T. It consists of the set of all points in M/T with a fixed value 
of + 6^. Let M^i^b'^/T and Ma'^+y'^/T denote two such sets. Then 
Ma-2+b'^/T consists exactly of those points in M/T which have (7(f-distance 
d := I arccos a/1 — — 6^ — arccos \/l — a'^ — b''^\ to Ma'-ij^y'^ /T. This can be 
seen by lifting to the sphere in two steps. On CP" the assertion is equiv- 
alent to saying that the distance between Ma^j^b'^ and Ma'^j^y'^ is equal to d 
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with respect to the Fubini-Study metric. Lifting to the sphere we have to 
prove that the distance between the two sets {(g, r, s) G 5'^"+i | |rp + |sp = 
a^+b^} = {{q,r,s) e S^"+^ \ = l-a^-fe^} and {(g, r, s) G S^^+i | \q\^ = 
1 — a'^ — 6'^} is again equal to d with respect to the standard metric geud- 
An elementary calculation shows this to be true. 

The set Mq/T does not lie in M/T but it lies in its completion as a met- 
ric space with respect to the distance dgT. Thus, passing to the limit for 
+ 6^ — > 0, we conclude that M„2_,_j,2/T consists of exactly those points in 
M/T which have distance arccos \/l — — b"^ to Mq/T in the completion of 
the metric space [M/T, dgT). Since F is an isometry of {M/T, dgr), and since 
F preserves Mq, it follows that F preserves M^-^+b^/T. This implies that F 
preserves Ma2+b2. 

That F preserves the submanifolds Ma2_,_62 of M means, in other words, that 
the function M 3 [g,r, s] ^ |rp + |sp G M is invariant under F. Moreover, 
consider the go-area A{[q,r,s]) of the T-orbit of a point [g, r, s] G M. We 
have: 

— (\\7* l|2||V* ||2 /7* 7* \2\ 

— Ul^h,lll \\^h,2\\ ~ ^/i,2/ ){q,T,s) 

= |r|2(l-|r|2)|s|2(l-|sn-|r|4|s|4 
= |rp|sp(l — |rp — 



Since F preserves the (yfQ-norms of vectors tangent to the T-orbits, it has to 
preserve A{[q,r,s]). Thus not only the function [g, r, s] |rp + |sp but also 
the function [g, r, s] is invariant under F. This means that F can 

map a point in Ma^b either to a point in Ma^b or to a point in Mb^a- Therefore 
the set Mafi U Mb^a is invariant under F, as claimed. □ 

Proposition 5.6. 

Let D be defined as D := {^f \ F e Aut'^^{M)}. Then 



±1 y ' \^ ±1 

In other words the group of induced automorphisms of 3 is contained in the 
subgroup of the automorphism group of i of order eight used in the definition 
\2.11\ to define non equivalent maps j,j'. 

Proof. D is discrete as it preserves the lattice C associated to the torus. In 
fact it is a subgroup of the discrete group {\& G Aut{;i) | ^{C) = £} = {A G 
M(2,Z) I det{A) = ±l}. 
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Let F G Aut'^^iM). We will restrict our attention to one of the submanifolds 
Ma a of M. We have that F preserves Ma^a by lemma 15751 in the special case 
of a = 6. 

Let [p] = [q,r,s] G Ma^a with < a < Let k = 1,2, denote the 

vector fields induced by the torus action as in notation 12.31 on CP" in the 
point [p]. Then we have 



<((Z*)[p],(Z*)[p]) = arccos 



arccos 



arccos 



arccos 



ll(^r)[p]ll ■ IK^Dbll 

1 1 7* II II 7* 1 1 
I l^/i,ll Ip ■ I l^/i,2l Ip 

— ■ 



a\/l — a? ■ ayjl — o? 



For sufficiently small a > this angle will be greater than |. Choose an 
a G (0, with this property. 

Consider the T-orbit of [p]. The metric induced there by is the same as 
the one induced by go by proposition 12.61 The T-orbit endowed with this 
metric is a flat torus isometric to span{(Z*)[p], divided by the lattice 

generated by and {Z^)[p]. 

Since these two vectors are of equal length and the angle between them is in 
(|,|), they are, together with their negatives, exactly the shortest vectors 
in this lattice. In consequence the flow lines induced by {Zl)[p^ and (^2)[p] 
are the shortest geodesic loops in the T-orbit of [p]. 

As F preserves M^^a, it follows that {F^)\p\Zl G {±{ZI)f[[p])-,±{ZI)fi}p])} for 
k = 1,2. But we also have (F*)[p]Z^ = by notation 15.21 Thus 

we have piZk) ^ {^Zi, ±^2} for k = 1,2 and the statement follows. 

□ 

We need the exterior derivative df] of f] for the non isometry proof. 

Lemma 5.7. 

We have 

dt{[X],[Y])i,,r,s]= dr^\X,Y\,,,,^ 

= 2{X^,q){jz,q,Y,) -2{Y„q){jz,q,X^) 
+2\q\^{jz,X„Y,) 
-2{jz,X„ tq){iq, Yg) + 2{jz,Y„ tq){iq, Xg) 

-2(jz,g,«g)(iXg,Fg) 
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Here X and Y again denote the -invariant H op f -horizontal lifts of [X] and 
\Y]. We denote the components of the vector field X in the point {q,r,s) by 
Xq, Xj. and Xg and similarly for Y . 

Proof. By the proof of proposition 14.41 we have rj = 11*//. This imphes drj = 
Il*df]; that is, 

dr]'^i[X],[Y%,.,s] = dv^{X,Y)^q,.,s) 

The remainder of the proof is a straightforward calculation. 
Recall that 

r]''{X)p = \q\'^{jz,q,Xq) - {jz^q,iq){iq,Xq) 
for k = l,2;p = (g, r, s) G S^""-^^ and X G Tp^2n+i_ 

Extend rj'^ to a 1-form on R^"+^ = C""*"^ by the same formula. Let X,Y e 
TpS'^"''^^, and extend them to constant vector fields on C"+^. Then [X, Y] = 0, 
hence 

dv'iX, Y)p = Xpir^'^iY)) - i;(r7^(X)) - r/'=([X, F]), 

iLoi^'iYUtx-ri'{X)p^tY) 
2{Xq,q){jz,q,Yq) + \q\^{jz,Xq,Yq) 
-{jz.Xq, iq) (iq, Yq) - {jz^q, iXq) {iq, Yq) 
-{jz^q,iq) {iXq,Yq) 
-2{Yq,q){jz,q,Xq)-\q\^{jz,Yq,Xq) 
+ {jZkYq, iq) {iq, Xq) + {jz,q, iYq) {iq, Xq) 
+ {jzkq,iq){iYq,Xq) 
= 2{Xq,q){jz,q,Yq) -2{Yq,q){jz,q,Xq) 
+2\q\'{jz,Xq,Yq) 
-2{jz,Xq,tq){tq,Yq) + 2{jz,Yq,tq){iq, Xq) 
-'^{3z^q,iq){iXq,Yq) 

□ 

Remark 5.8. 

We will restrict our attention to one of the submanifolds L := a and 
observe what the connection form and the induced curvature form will look 
like. We will denote the restriction of the metric Qfj to L by Qfj again. 
L is exactly the torus orbit of one copy of a CP"~^ on the q-coordinates. It 
is a submanifold and a principal T-bundle so we could define a connection 
form directly without considering the ambient manifold M. We could also 
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look at the restriction of the connection form of M to L. The definition of a 
connection form shows that we would get the same 3-valued 1-form on L in 
both cases, we will denote it by uj^. 

We again have two possibilities for the induced curvature form on L/T defin- 
ing it as either the curvature form associated with o;^, or the restriction of the 
curvature form VLf) to L/T. But since restriction (i.e., pullback by inclusion) 
commutes with exterior derivation, we have d{u^) = (duf^)^; hence also the 
induced forms on L/T are equal. 

Thus the equation 7r*f2^ = du>fj from notation 15.11 carries over to L and we 
have 

Ti*n^ = duj^ = duj^ + df]^ 

L is a submanifold of codimension 2. For any point [p\ = [q, r, s] in L its 
tangent space T[p]L consists of those [X] G TjpjM with 

(X„g) = {Xr,r) = (X„ s) = 

for the Hopf-horizontal lift X of [X] to p = {q,r, s). The sum of these three 
equations is {X,p) = 0, which is true for all tangent vectors X G TpS'^""*'^, 
so we have only two independent equations. Inserting these into our formula 
for df] we get 

drj\[X],[Y%,r,s]= 2\q\'{jz,X,,Y,) 

-2{jz,X^, tq){tq, Yg) + 2{jz,Yg, iq){iq, X,) 
-'^{jZf,q,iq){iXg,Yq) 

for k = 1,2 and for all [X], [Y] G T[g^r,s]L, where X and Y again denote the 
Hopf-horizontal lifts of [X] and [Y] to T(g This formula describes 

the 3-valued 1-form df]^ on L. 

Remark 5.9. 

We will compute Wq and du^. Let again [p] = [q,r,s] G L = M^^q with 
< a < -75 and [X] G T^]L C T^]M. Let X be the Hopf-horizontal hft of 
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[X] to TpS*^"^^. By definition of tlie connection form cjq, we have 

_ / Y {0,ir,0)-\r\'^ip \ y , /v (OAl£H£iV\ 7 
— |r|2(i_|^|2) |^|2(i_|^|2) 

= (-^r, |rP(l-|r|2))^l + {-^^^ |s|2(l-|s|2) 

In tfie last equation we used (X, ip) = 0. 

Thus one could see Wq as the sum of two 1-forms. The first one depends only 
on the r component of the point [p] and applies to vector fields that have 
only the component Xj. in T[p]L, the second one depends only on s. As we 
are looking at L, we have {Xr,r) = for all [X] G T[p]L, that means this 
component of T[p]L has only one real dimension. In consequence the r-part 
of dujQ, a 2-form on this space, has to be zero and similarly for the s-part. 
Hence we have 

dul^ = 

and consequently 



This will be useful in the proof of theorem 15.111 

We now have the means to formulate the two theorems that will grant us 
non isometry of the constructed metrics. The first is a general result working 
for all metrics constructed using the admissible 1-forms introduced in section 
2. The second one is the application of this theorem to our setting of complex 
projective space. 

Theorem 5.10. 

ISchOlh^ Let r], rj' be admissible 1-forms on M such that and flri' satisfy 
the condition: 

(G) No nontrivial 1-parameter group in Autg^{M) preserves fl^]- 
Furthermore, assume that 

(N) Vtr^^Do 'Mtl^^iMyVLri' ■ 

Then the manifolds (M, (7^) and [M^Qj^i) are not isometric. 
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We shortly sketch the structure of the proof: 
Condition (G) imphes that T is a maximal torus in Isom{M, Qfj). If T 
were not maximal then the additional dimension could be used to build a 
1-parameter group as in condition (G). 

Now suppose F were an isometry from {M,g^) to {M,gn'). We denote the 
induced isometry of (M/T, (yfj) by F. All maximal tori in Isom{M, grj) are 
conjugate and as T is one of them we can assume F to be T-preserving. 
This implies F*u.ri' = \E'f o coy, which in turn implies F*Qr]' = "^f ° This 
contradicts (N). 



Theorem 5.11. 

Let i , i' '■ I ^ 5\x{n — 1) he two linear maps and let fj, fj' he the induced 
1-forms on M = CP" as in proposition then 

1. If j , j' are not equivalent, then Qfj and Qfj' satisfy condition 
(N) VLfi^Do Alifg^{M)*nfj> 

2. If j is generic, then Qf^ satisfies condition 

(G) No nontrivial 1-parameter group in Autg^{M) preserves Qfj 



In particular, if j and j' are not equivalent and j is generic, then the isospec- 
tral manifolds (CP",(?fj) and {CP"',gf^r) are not isometric. 

Proof. 

1. We will use an indirect proof. Suppose (N) were not satisfied. Let \E' G -D 
and F e Aut'^^{M) such that 
(*) nf^ = ^o F*VL^, 

Let uj^ and VL^ denote the induced connection and curvature forms on L, 
and similarly for f/', where L is again one of the sub manifolds with 
< a < ^ . By remark 15.81 and remark 15.91 we have 

TT*n^ = dt and 7r*n^, = df]'^ 

on L C M C CP". Let P be a map in AutJg(M) inducing P. 

Recall that P preserves L by lemma 15.51 applied to a = 6. Thus the isometry 

P of (M/T, (jfff) restricts to an isometry P^ of {L/T,gQ). Equation (*) now 

implies 

df]^ = \iJo (P^ o nydf]'^ 

Recall that L is the torus orbit of one copy of a CP"~^ on the g-coordinates, 
thus (L/T, (7(f) is isometric to (CP""^, (1 — 2a^)gps). Hence, F^ corresponds 
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to a map A G Isom{CP''-^, gps) = SU{n - 1) U SU{n - 1) o Q, and (F^ o 
7r)[g, r, s] = 7r[ylg, r, s] for all s] G L. Recall that Q denotes complex 
conjugation. We write 
5 : L -> L 

[g,r, s] ^ [Aq,r,s\ iiAeSU{n-l) 

[g,r,s] ^ [Aq,fJ] li A e SU{n - I) o Q 
It is easy to check that B is well-defined. Then, by o n = n o B, we get 
(H) df]^ = o B*{df]'^) 

The next step will be to use the formula for df]^ calculated in remark 15.81 and 
show that this equation can only be fulfilled if j and j' are equivalent. 
Before doing so, we will introduce a simplification. We will restrict our 
attention to tangent vectors [X], [Y] G T[g r,s]L with {Xg, iq) = = {Yg, iq) for 
the Hopf-horizontal lifts X, y G T^g^r,s)S'^"'^^ . For such [X], \Y] the formula 
for dfj from remark 15.81 simplifies to 

dff{[Xl = 2\q\\jz,Xg,Yg) - 2{jz,q,tq){tXg,Yg) 

Note that, no matter whether A G SU{n — 1) or A G SU{n — 1) o Q, the 
condition {Xg,iq) = implies {AXq,iAq) = ±{AXg, Aiq) = ±{Xg,iq) = 0, 
and similarly for Y. 

Thus, the above simplified formula for df]'' ( [X] , [Y] ) will also apply to B^, [X] = 
{AXg, . . .) and B,[Y] = {AYg, . . .) in TB[g,r,s]L. 

As a last preparation, note moreover that for any 3-valued 1-form a on L we 
have 

for k = 1,2, where (, ) denotes the inner product with orthogonal basis 
{^1,^2} on 3, and denotes the adjoint of \1/ with respect to this inner 
product. 

Thus, equation (if) implies for all [X], [Y] G T[g,r,s]L whose Hopf horizontal 
lifts to T(^g^r,s)S'^"'~^^ satisfy {Xg,iq) = = {Yg,iq) that we have 

0= 2\q\''{jz,Xg,Yg) -2{jz,q,tq){tXg,Yg) 

-2\Aq\-'{ji^^^^^AXg,AYg) + 2{ji^^^^^Aq,zAq){zAXg,AYg) 
= \q\'{jz,Xg,Yg) - |g|2(A-%(^^)AX„y,) 

-{jz,q,iq){iXg,Yg) + {A-^j't^^^^^Aq,iq){iXg,Yg) 

because A either commutes or anticommutes with i. 
Letting u'' := jz^ - A'^ji^^^^^A, we get 

= \q\'{u''Xg,Yg) - {u'^q,zq){zXg,Yg) 
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This equation holds for all q e and all Xg, Yg e C"-^ with Xg, Yg ± 

span{q, iq}, because all such Xg, Yg occur in Hopf-horizontal lifts of the form 
{Xg,0,0), {Yg,0,0) e T^g^r,s)S'^''~^ of taugcut vectors in T[g^r,s]L. Note that 
our n is at least 4 by section 2, so n — 2 ^ 2, thus nonzero Xg ± span{q, iq} 
do exist. 

In the particular case Yg = iXg, we get 

/AN {iu''Xq,Xq) _ {iv^q,q) 

for all q E S'^J!^^^ and all Xg ± span{q, iq} in C""^. Applying (A) to ele- 
ments of an orthonormal basis of eigenvectors for the hermitian map ii/*^, we 
see that all eigenvalues of iv^ have to be equal. Thus iv^ and have to be 
scalar multiples of the identity. By definition G 5u(n — 1), so i/*^ has trace 
zero. This implies = and we have shown that j and j' are equivalent. 
Thus we have shown that if j and j' are not equivalent, then condition (N) 
is fulfilled. 

2. We will again use an indirect approach. Suppose there were a non trivial 
1-parameter group Ft C Autg^{M) with F^Qfj — Qfj. We will again restrict 
our attention to one of the submanifolds L. There we get F^Q^ = Q^. Using 
the same arguments as in the first part with = id and fj = fj', we get 
jz = A^^jzAt for some nontrivial 1-parameter group Ai C SU{n — 1). This 
contradicts the genericity assumption made on jz- 

□ 
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6 Real projective space 

We will present here isospectral metrics on real projective space. One can see 
a real projective space as a sphere with opposite points identified, using this 
construction the metrics on the sphere carry over directly to real projective 
space. We will at first present the key data of the isospectral metrics on the 
sphere constructed by Schueth in [SchOlbj and then show that everything is 
compatible with factoring by the antipodal map. 

Notation 6.1. 

Let the sphere 5'^'""''^ be embedded in C™"*"^ = C™ © C. Denote a point on 
the sphere by {p, q). Let the torus T act on the sphere by 

exp{aZi + hZ2) : (p, q) ^ (e'>, e'''q) 

for all a, 6 G M. Here Zi, Z^ denotes again the basis of 3, the Lie algebra of 
the torus T. 

Notation 6.2. 

Let jit) : 3 — 7- su(m), again m ^ 3, be a family of linear maps that are 
isospectral, non equivalent and generic as in definition 12.111 We then define 
the associated 3-valued 1-forms A(t) on C™" © C by 

Afp,^)(X,?7) := \vW3z,V.^) - {X,tp){jz,P,tp) for k = 1,2 

where (p, q) is a point in C" © C and (X, U) a vector in the tangent space 
TpC"^ © TqC Note the similarity to the 1-form rj defined in proposition 14.41 
This stems from the fact that the 1-forms were orthogonalized to ip in both 
cases. These 1-forms are restricted to the sphere, they are admissible as in 
definition 12.41 and the associated metrics 

gx{X, Y) := go{X + A(X)*, Y + A(F)*) 

are isospectral and non isometric (see proposition 3.2.5 and 4.3 in |Sch01b 
for the proof). 

Proposition 6.3. 

The isospectral metrics on the sphere induce isospectral metrics on real pro- 
jective space in a canonical way. In fact we have 

thus A is invariant under the antipodal map, hence induces a ^-valued 1-form 
A on M.P'^^^^ . With respect to the accordingly defined metric g^ on MP^™-"*"-^, 
the projection {S'^"^~^^, gx) — > (RP'^"^~^^ , g^) is a Riemannian covering. 
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Proof. This can be seen by applying the definition given in notation \Q.2\ all 
the minus signs cancel out. □ 

It is possible to imitate the nonisometry proof for metrics on spheres in 
[SchOlbj to obtain a nonisometry proof for the isospectral metrics on MP^'""'"^. 

Remark 6.4. 

The same observation applies to the pair of isospectral metrics on con- 
structed in [SchOlbj as well as to the isospectral metrics on spheres con- 
structed by Carolyn Gordon in [GorOlj . all induce isospectral metrics on real 
projective space. 
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